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Abstract
We develop an extension of Bohmian mechanics to a curved background space-
time containing a singularity. The present paper focuses on timelike singularities.
We use the naked timelike singularity of the super-critical Reissner–Nordstro¨m
geometry as an example. While one could impose boundary conditions at the
singularity that would prevent the particles from falling into the singularity, we
are interested here in the case in which particles have positive probability to hit
the singularity and get annihilated. The wish for reversibility, equivariance, and
the Markov property then dictates that particles must also be created by the
singularity, and indeed dictates the rate at which this must occur. That is, a
stochastic law prescribes what comes out of the singularity. We specify explicit
equations of a non-rigorous model involving an interior–boundary condition on
the wave function at the singularity, which can be used also in other versions of
quantum theory besides Bohmian mechanics. As the resulting theory involves
particle creation and annihilation, it can be regarded as a quantum field theory,
and the stochastic process for the Bohmian particles is analogous to Bell-type
quantum field theories.
Key words: interior-boundary condition; quantum theory in curved background
space-time; Reissner–Nordstro¨m space-time geometry; stochastic jump process;
particle creation and annihilation; Bohmian trajectories.
1 Introduction
We study the construction and behavior of quantum mechanics in a space-time with
timelike singularities using Bohmian mechanics (also known as pilot-wave theory), a
version of quantum mechanics with particle world lines. We develop an explicit (non-
rigorous) model, defining trajectories on a given background space-time geometry, using
the Dirac equation, Bohm’s law of motion, and a novel interior–boundary condition at
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the singularity that governs the creation and annihilation of particles at the singularity.
As a case study, we consider the Reissner–Nordstro¨m geometry in the “charge > mass”
regime, featuring a naked timelike singularity.1 We use this geometry as a background
in which the Bohmian particles move and get created and annihilated, while we neglect
any change in the metric that these particles might be expected to cause. Prior works
considering a quantum evolution on a curved background space-time with a timelike
singularity include [26, 27, 28, 48, 21], but they did not consider particle creation at the
singularity.
Bohmian mechanics was developed as a realist version of nonrelativistic quantum
mechanics [5] and succeeds in explaining all phenomena of quantum mechanics in terms
of an objective, observer-independent reality consisting of point particles moving in
space; see [24] for an overview. Bohmian mechanics possesses a natural extension to
relativistic space-time if a preferred foliation of space-time into spacelike hypersurfaces
(called the time foliation) is granted [12]. This extension has also been formulated for
curved space-time geometries [56, 57] and for ones with spacelike singularities [58], but
not yet for geometries with timelike singularities. While horizons present no difficulty,
singularities require further work to define the theory: Basically, we have to specify what
happens when a particle hits the singularity, since at this point the law of motion is no
longer defined. The possibility we consider here is that the particle gets annihilated:
that is, if the system consisted of N particles, then the world line of the particle that
has arrived at the singularity ends there, while the other N − 1 particles, which are
not at the singularity and thus have no reason to vanish, continue to move according to
Bohm’s law of motion. To make this possible, we need wave functions from Fock space,
as always when particles can get created or annihilated. Further considerations then
naturally lead us to specific equations, defining a Bohm-type theory.
1.1 Particle Creation
The most astonishing feature of this theory is perhaps that particles can also be created
at the singularity. Indeed, this occurs at random times distributed in a way determined
by a law involving the wave function. As a consequence, the theory is no longer de-
terministic; instead, the evolution of the particles can be described by a Markovian
stochastic process in the appropriate configuration space. This process has similarities
with processes used earlier in “Bell-type quantum field theories” [18], a stochastic version
of Bohmian mechanics for quantum field theories that we describe briefly in Section 6.
It is an interesting moral from our model that particle creation and annihilation,
one of the characteristic features of quantum field theory, can arise from the presence of
timelike singularities. This invites speculation about whether quantum particles capable
of emitting other particles might actually contain timelike singularities. After all, the
classical gravitational field of a point particle with the charge and the mass of an electron
1A space-time singularity (i.e., the points of infinite curvature) is called naked if not surrounded by
an event horizon. The Reissner–Nordstro¨m singularity is called timelike because it behaves in many
ways like a timelike set of space-time points, see Figure 1 in Section 3, as opposed to the singularity of
the Schwarzschild space-time, which behaves like a spacelike surface.
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is exactly the Reissner–Nordstro¨m geometry we are considering. This does not prove
that the ultimate theory of the electron, including quantum gravity, will attribute a
timelike singularity to it, but at least that seems like an intriguing possibility.
Another moral from our model is that timelike singularities are not as absurd as
one might conclude from classical physics. Quantum mechanics (as well as Bohmian
mechanics) differs in this respect from classical mechanics, which breaks down at timelike
singularities because anything could come out of a timelike singularity, and there is no
good reason for postulating any law about when and where particle world lines begin
at the singularity. This is different in Bohmian mechanics because, as soon as we have
defined the evolution of a wave function in Fock space, the probability current given in
terms of the wave function, such as
jµ = ψγµψ (1)
for a single particle, defines the probability of particle creation at the singularity. Indeed,
the stochastic law for particle creation is uniquely fixed if we strive for the following
properties: reversibility, equivariance, and the Markov property. Thus, the Bohmian
particle positions are governed by two laws: an equation of motion, and a law prescribing
the stochastic creation of new particles. Both Bohmian and classical mechanics become
indeterministic in the presence of timelike singularities, but in different ways: while
Bohmian mechanics becomes stochastic, classical mechanics becomes lawless. One could
say that our stochastic law closes exactly the gap in the laws caused by the timelike
singularity. A timelike singularity causes concern in classical mechanics, but not in
quantum mechanics.
1.2 Concrete Model
The concrete model we develop is based on the Dirac equation and the Reissner–
Nordstro¨m geometry, but we expect that similar models can be constructed on the
basis of other wave equations and other space-times containing timelike singularities.
We have discussed Bohmian mechanics at spacelike singularities elsewhere [58]; lightlike
singularities behave, for our purposes, like spacelike ones. (A general singularity may
well, like a general 3-surface, have different regions in which it is timelike, spacelike, and
lightlike. Correspondingly, our separate studies of timelike and spacelike singularities
apply separately to the timelike and the spacelike subset of the singularity.)
The Dirac equation is known to have solutions of negative energy that are considered
unphysical; indeed, the Hamiltonian is unbounded from below. We will not worry about
this here, but rather treat the negative energy states as if they were physical.
1.3 Motivation
The investigations in this paper have several motivations and lead to benefits in several
areas:
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• It is a natural part of the research program on Bohmian mechanics to extend the
theory to more general quantum theories, to all kinds of settings. To the extent
that we have reason to believe that singularities exist in our universe, we obtain
here a more appropriate version of Bohmian mechanics. Concerning techniques
of constructing Bohm-type models, we find that the Bohm-type law of motion
proposed by Du¨rr et al. [12] for relativistic space-time with a foliation works un-
problematically even under the extreme conditions at a singularity; that not every
spacelike foliation is equally good for that purpose (as we discuss in Section 7); that
the stochastic approach to particle creation developed in “Bell-type quantum field
theories” [18] arises naturally in this context; and that particle annihilation may
well be deterministic and particle creation stochastic, even though the evolution
is reversible.
• Since Bohmian mechanics is a precise and unambiguous version of quantum me-
chanics, it may serve as a tool for studying quantum mechanics in curved space-
time. Thus, our study can as well be regarded as one on quantum mechanics
at space-time singularities. Concretely, we propose a novel unitary evolution of
the wave function in the presence of a timelike singularity, based on the Dirac
equation and an interior–boundary condition at the singularity (independently of
the Bohmian viewpoint). Interior–boundary conditions relate values of the wave
function at the boundary of the N -particle sector of configuration space to the
value at an interior point in (usually) the (N − 1)-particle sector. Such condi-
tions have been suggested also in flat space-time [39, 55, 62, 22, 53, 54, 29, 59],
sometimes for the purpose of devising Hamiltonians with particle creation and
annihilation at a point-shaped source; interior–boundary conditions for the Dirac
equation have been considered in [47, 35]. While interior–boundary conditions for
the non-relativistic Schro¨dinger equation sometimes have the advantage of being
free of ultraviolet divergence [30], this is not expected in our model; we leave aside
the question of ultraviolet divergence and make only non-rigorous calculations.
• Several interesting features arise in the theory we develop: Timelike singularities
emit particles; we can specify the law for how they do it; certain traits of quantum
field theory (such as Fock space) arise from the presence of singularities; timelike
singularities need not be unphysical.
I emphasize that the theory developed in this paper does not merely add Bohmian
trajectories to otherwise known “orthodox” quantum theories. Instead, the Bohmian
viewpoint helps define what the evolution equation should be, also for the wave func-
tion. Indeed, the Fock space evolution corresponding to particle creation at a timelike
singularity could have been, but has not been, considered in an orthodox framework. The
reason why it has not been considered before is, I think, twofold: First, since singular-
ities often lie behind event horizons, and since orthodox quantum physics tends not to
ask what actually happens but rather what observers see, it is common to trace out the
degrees of freedom behind event horizons, which means to ignore the phenomena this
paper is concerned with. Second, in orthodox quantum physics it is common to focus
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on the scattering regime, i.e., on the asymptotic distribution of particles a long time
after their interaction. For defining a Bohm-type theory, in contrast, it is essential to
define the trajectories, which may well depend on the particles hidden behind the event
horizon, and this forces us to pay attention to what the time evolution laws are. Of
course, also independently of the Bohmian approach one may feel that real events can
take place inside black holes and should therefore not be excluded from the description
in a physical theory; as Dafermos [11] once put it, “People in black holes have rights,
too!” Note further that a scattering theory can only be formulated in an asymptotically
flat space-time, while our approach does not require asymptotic flatness or stationarity,
even though the Reissner–Nordstro¨m geometry happens to be asymptotically flat and
stationary.
The paper is organized as follows. In Section 2 we recall the relevant version of
Bohm’s law of motion. In Section 3 we recall the Reissner–Nordstro¨m geometry. In
Section 4 we discuss the general framework of particle creation and annihilation at a
timelike singularity. In Section 5 we describe the concrete model. In Section 6 we
draw parallels between our model and Bell-type quantum field theories. In Section 7 we
explain why foliations defined by the condition dn = 0 cannot be used here.
2 Bohmian Mechanics
2.1 Nature of the Theory
Bohmian mechanics [5, 3, 7, 19] is a candidate for how quantum phenomena work;
see [24, 8] for introduction and overview. While the quantum formalism describes what
observers will see, and while the conventional “Copenhagen” view of quantum mechanics
remains vague and paradoxical, Bohmian mechanics provides a possible explanation of
the quantum formalism in terms of objective events, in fact by postulating that particles
have actual positions and hence trajectories. Bohmian mechanics is well understood in
the realm of non-relativistic quantum mechanics, but needs further development in the
directions of relativistic physics, quantum field theory, and quantum gravity. This paper
concerns the relativistic extension in a classical gravitational field, but connects also with
quantum field theory.
Bohmian mechanics postulates that particles have trajectories, governed by an equa-
tion of motion of the type
dQt
dt
=
Jψt(Qt)
ρψt(Qt)
, (2)
where Qt is the position of the particle at time t (or, for a system of several particles,
the configuration), and Jψ and ρψ are, respectively, the quantum mechanical probability
current and probability density (|ψ|2 or a variant thereof) as determined by the wave
function ψ. For example [6], if ψ is a Dirac wave function of a single particle then
Jψ = ψ
†αψ , ρψ = ψ
†ψ (3)
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with α = (α1, α2, α3) the three Dirac alpha matrices. As a consequence of the structure
(2) of the law of motion, if at any time t the particle position (or configuration) is random
with distribution ρψt , then this is also true of any other time t. This property is called
equivariance. As a (non-obvious) consequence of that, inhabitants of a Bohmian universe,
consisting of these particles with trajectories, would observe the same probabilities in
their experiments as predicted by the quantum formalism [19]. That is how Bohmian
mechanics explains quantum mechanics. In fact, Bohmian mechanics accounts for all
phenomena of non-relativistic quantum mechanics.
The question whether Bohmian trajectories might run into a singularity has already
been considered in a different context, that of the non-relativistic theory. Here, “singu-
larity” does not refer to a space-time singularity (i.e., points of infinite curvature), but
to singularities of the potential, of the wave function, or of the velocity vector field. For
example, for a Bohmian particle moving in a Coulomb potential 1/|x|, one may worry
about trajectories running into the origin, where the potential is singular. Likewise, one
may worry about trajectories running into points where ψ is non-differentiable (in the
non-relativistic case) or zero, which is where the velocity vector field is not defined. It
turns out [4, 52] that with probability 1, the trajectory never runs into such points, and
this has to do with the vanishing probability current into such points. The situation is
different in our setting, where Bohmian trajectories do run into the space-time singular-
ity with positive probability, corresponding to the nonzero current into the singular set.
On the other hand, our situation is quite analogous to, and can be regarded as a special
or limiting case of, Bohmian motion in a manifold with boundary, which suggests the
use of interior-boundary conditions [15].
2.2 Bohmian Mechanics and Relativity
It is known [12, 37, 56] that, if we are willing to consider a preferred foliation F of
space-time into spacelike 3-surfaces, which I will call the time foliation, then Bohmian
mechanics possesses a natural generalization to relativistic space-time. The possibility
of a preferred foliation seems against the spirit of relativity (see [37] for a discussion),
but certainly worth exploring. It is suggested by the empirical fact of quantum non-
locality, and it is suggested by the structure of the Bohmian law of motion (2) for many
particles, in which the velocity of a particle depends on the instantaneous position of
the other particles. The time foliation could be given by a Lorentz invariant law [57, 13].
For a time foliation F (determined in whichever way), a Bohm-type equation of
motion was formulated in [12] for flat space-time (based on earlier work in [6, 7]); the
straightforward generalization to curved space-time [56] reads:
dXµkk
dτ
∝ jµ1...µN (X1(Σ), . . . , XN(Σ))∏
i 6=k
nµi
(
Xi(Σ)
)
, (4)
where Xk(τ) is the world line of particle k ∈ {1, . . . , N}, τ is any curve parameter, Σ
is the 3-surface in F containing Xk(τ), n(x) is the unit normal vector on Σ at x ∈ Σ,
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Xi(Σ) is the point where the world line of particle i crosses Σ, and
jµ1...µN = ψ(γµ1 ⊗ · · · ⊗ γµN )ψ (5)
is the probability current tensor associated with the N -particle Dirac wave function ψ.
This wave function could either be a multi-time wave function defined on the pairwise-
spacelike elements of (space-time)N [44, 45, 33, 34, 36], or, since we never use ψ for
configurations that are not simultaneous relative to F , it suffices that ψ is defined on
the 3N + 1-dimensional manifold
⋃
Σ∈F Σ
N of simultaneous configurations.
This generalization does not automatically include, however, space-time geometries
with singularities. The treatment of singularities requires, as we point out in Section 4
below, some fundamental extensions of Bohmian mechanics, and forms a test case for
the robustness of the equation of motion (4).
As mentioned before, the foliation might itself be dynamical, i.e., might be deter-
mined through a law by initial data. An example of a possible Lorentz invariant evolution
law for the foliation is
∇µnν −∇νnµ = 0 , (6)
or, in the language of differential forms,
dn = 0 , (7)
which is equivalent to saying that the infinitesimal timelike distance between two nearby
3-surfaces from the foliation is constant along the 3-surface [57]. This law allows to
choose an initial spacelike 3-surface and then determines the foliation. A special foliation
obeying (6) is the one consisting of the surfaces of constant timelike distance from the
Big Bang. Note, however, that the law of motion (4) does not require any particular
choice of law for the foliation, except that the foliation does not depend on the particle
configuration (while it may depend on the wave function). It has been found that the
equation of motion (4) still makes sense (and leads to equivariance) even when the leaves
of the time foliation have kinks [50] or overlap [51]. Note further that in a space-time
with horizons, a foliation law such as (6) will frequently lead to 3-surfaces lying partly
outside and partly inside the horizon.
It will turn out from our study of singularities that (6) is not a good law for the time
foliation in the presence of a timelike singularity as the foliations obeying (6) may fail
to cover all of space-time; see Section 7 for details.
3 Reissner–Nordstro¨m Geometry
Our main example of a timelike singularity will be the one of the Reissner–Nordstro¨m
space-time geometry [40, 46, 61, 41, 38, 25], a solution of the coupled Einstein and
Maxwell equations for a charged point mass. It is given by
ds2 = λ(r)dt2 − 1
λ(r)
dr2 − r2(dϑ2 + sin2 ϑ dϕ2) (8)
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with
λ(r) = 1− 2M
r
+
e2
r2
(9)
and parameters M > 0 and e ∈ R. The Reissner–Nordstro¨m metric is spherically sym-
metric, static, asymptotically flat, and singular at r = 0. It arises as the gravitational
field of a (non-rotating) point particle with mass M and charge e. We assume the so-
called super-critical case |e| > M ; in this case λ(r) > 0 for all r ≥ 0. The Penrose
diagram is shown in Figure 1. In this context we note that if an electron were a classical
point particle, its gravitational field would be a super-critical Reissner–Nordstro¨m field
containing a timelike singularity. This does not mean that electrons must, but does
suggest they might, contain timelike singularities in nature.
i0r = 0
I +
r =∞
I −
r =∞
Figure 1: Penrose conformal diagram [42, 25] of the super-critical Reissner–Nordstro¨m
space-time. The double line on the left marks the singularity.
We find it useful to regard the singularity {r = 0} not as a line (as suggested by the
picture of a point particle, and by the fact that in Minkowski space-time {r = 0} is a
line) but as a surface (of topology R× S2).2 We thus regard the space-time
M ∼= {(t, r, ω) : t ∈ R, r ≥ 0, ω ∈ S2} = R× [0,∞)× S2 (10)
(where ∼= means diffeomorphic) as a manifold with boundary. (For the mathematical
notion of a manifold with boundary, see [31, 1]. We will sometimes write ω for a point
on S2, and sometimes use the standard parameterization (ϑ, ϕ) by polar and azimutal
angle.) The singularity is the boundary
S = {r = 0} = ∂M ∼= R× {0} × S2 , (11)
while the metric gµν is defined on the interior M
◦ ∼= R× (0,∞)× S2.
As the time foliation F for defining the Bohmian trajectories we use the foliation
provided by the time coordinate t, i.e., the family of level surfaces of the t function:
F =
{
Σs : s ∈ R
}
with Σs = {x ∈ M : t(x) = s} . (12)
2The question arises what general definitions of boundary points say about the dimension of the
super-critical Reissner–Nordstro¨m singularity. Its dimension is 1 according to the definition of the
causal boundary in terms of terminal indecomposable past sets (TIPs) and terminal indecomposable
future sets (TIFs) [23]. Nevertheless, we regard it here as 3-dimensional.
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Concretely, Σs = {s}× [0,∞)×S2. The fact that we are considering a static space-time
invites us to regard Σ := [0,∞)× S2 as “the” 3-space.
4 Jumps in Configuration Space
Bohmian trajectories, the integral curves of the probability current, are causal curves,
i.e., their tangent vectors are always timelike or lightlike (when based on the Dirac
equation). Such a curve may well reach the singularity ∂M (indeed, in finite coordinate
time t and finite proper time). What should happen if we consider a system of n
particles and one of them hits the singularity? The simplest possibility, or at least
a natural possibility, is that this particle gets annihilated, that it stops existing, and
history proceeds with n− 1 particles. This is the possibility we study in this paper.
In Bohmian theories, a configuration q of n identical particles is described by a set
of n points in 3-space; thus, if Σ is 3-space, then the configuration space is
Qn = {q ⊂ Σ : #q = n} , (13)
the space of unordered configurations in Σ. The wave function determining the motion
of n particles is best regarded as a function on Q̂n [14], the universal covering space
[10] of Qn or, equivalently, Q̂n = Σn, the space of ordered configurations in Σ.3 If
the number of particles can change then we need several wave functions, one for each
particle number. This leads us to consider state vectors in Fock space
H =
∞⊕
n=0
Hn , (14)
where Hn is the Hilbert space of n-particle wave functions, Hn = S±H
⊗n
1 , where S+
means the symmetrizer (appropriate for bosons), S− the anti-symmetrizer (for fermions),
and H1 the one-particle Hilbert space comprising the square-integrable spinor-valued
functions on Σ (more detail later). Every element ψ ∈ H can thus be regarded as a
sequence
ψ = (ψ(0), ψ(1), . . . , ψ(n), . . .) , (15)
where ψ(n) is an n-particle wave function, defined on Σn. Corresponding to the structure
of Fock space, the configuration space is
Q =
∞⋃
n=0
Qn , (16)
where Qn is the configuration space of n particles, as defined in (13). The Fock state ψ
can then be regarded as a function on the covering space
Q̂ =
∞⋃
n=0
Q̂n . (17)
3Actually, the covering space of Qn is {(x1, . . . , xn) ∈ Σn : xi 6= xj∀i 6= j}, the set of collision-free
ordered configurations. However, for our considerations it will not matter whether we include or exclude
the collision configurations.
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(Both Q0 and Q̂0 contain just one element, the empty configuration.)
In the theory we are developing, if one among n particles hits the singularity, the
configuration jumps from Qn to Qn−1 in a deterministic way: q → f(q), where the jump
function f : ∂Qn → ∪m<nQm is given by
f(q) = q \ ∂Σ . (18)
Here, ∂Σ, the boundary of Σ, is the intersection of Σ with the singularity S = ∂M ;
∂Qn is the set of configurations in which at least one particle is located on ∂Σ; and
(18) means that f just removes all particles located on ∂Σ, i.e., all particles that have
arrived at the singularity.
The situation in which the configuration space is a manifold with boundaries has been
considered before in [22, 15]; we recapitulate the Bohmian dynamics of the configuration
developed there. It includes deterministic jumps Q → f(Q) that occur whenever the
configurationQ reaches the boundary ∂Q of configuration space, according to some given
f . We desire three properties of the theory: time reversal invariance, equivariance, and
the Markov property; as explained in [22, 15], these properties entail stochastic jumps
from configurations in the interior Q◦ = Q \ ∂Q to the boundary ∂Q with a certain
rate. This leads us to a stochastic process (Qt)t∈R in Q consisting of smooth motion
interrupted by jumps from the boundary to the interior Q◦ or vice versa.
The deterministic jump law, abstractly
Qt+ = f(Qt−) (19)
at any time t at which the trajectory hits the boundary, is based on the given, fixed
mapping f : ∂Q → Q◦, in our case given by (18). Since we want the theory to be
reversible, we must also allow for spontaneous jumps from interior points to boundary
points. Since we want the process to be an equivariant Markov process, the rate for a
jump from q′ ∈ Q◦ to a surface element dq ⊆ ∂Q must be, as one can derive [15],
σt(q
′ → dq) = J
⊥
ψt
(q)+
ρψt(q
′)
ν(dq, q′), (20)
where s+ = max(s, 0) denotes the positive part of s ∈ R, Jψ is the probability current
in configuration space relative to coordinate volume (see Section 5.2 below), J⊥ψ is its
component orthogonal to ∂Q (in our case, the radial component), ρψ is the probabil-
ity density relative to coordinate volume, and ν(dq, q′) is the measure-valued function
defined in terms of the volume measure µ on Q and the surface area measure λ on ∂Q
by
ν(B, q′) =
λ(B ∩ f−1(dq′))
µ(dq′)
, (21)
for every B ⊆ ∂Q. In our case, the measure µ is on Qn locally the product of n copies
of the coordinate volume measure on Σ = [0,∞) × S2, and the measure λ is on ∂Qn
locally the product of the surface area measure on S2 and n− 1 copies of the coordinate
volume measure on Σ = [0,∞) × S2. Note that the set of configurations with two or
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more particles on the singularity has λ-measure zero. It follows that ν(·, q′) is a measure
concentrated on the set of those configurations that consist of q′ plus one further particle
on the singularity ∂Σ ∼= S2, and the measure is essentially a copy of the surface area
measure on S2. Thus, concretely, the creation rate density relative to the area measure
on S2 is
σt
(
q → q ∪ ω) = J⊥ψt(q ∪ ω)+
ρψt(q)
, (22)
where we have simply written ω for the point (r = 0, ω) on the singularity S ∩ Σ.
Note that a jump to a boundary point q at which the current is pointing towards the
boundary, J⊥(q) < 0, would not allow any continuation of the process since there is no
trajectory starting from q. The problem is absent if the velocity at q is pointing away
from the boundary, J⊥(q) > 0. (We ignore the case J⊥(q) = 0.) On the other hand,
jumps from q to f(q) cannot occur when J(q) is pointing away from the boundary since
in that case there is no trajectory arriving at q. Thus, the jumps must be such that at
each time t, one of the transitions q → f(q) or f(q)→ q is forbidden, and which one it
is depends on the sign of J⊥ψt(q).
Given the law of motion
dQt
dt
= v(Qt) =
J
ρ
(Qt) (23)
together with the deterministic jump law (19) and stochastic jumps with rate (20), we
obtain the following transport equation for the probability density p at q′ ∈ Q◦:
∂p
∂t
(q′, t) = −
3n∑
i=1
∂i
(
vip
)∣∣
(q′,t)
− σt(∂Q, q′) p(q′, t) +
∫
∂Q
ν(dq, q′) v⊥(q, t)−p(q, t) (24)
with s− = max(−s, 0) the negative part of s ∈ R, s = s+ − s−. For equivariance, we
need that whenever p = ρψt then ∂tp = ∂tρψt . This follows if (24) with ρψt inserted for
p agrees with the continuity equation for ρψt that follows from the Schro¨dinger equation
i~∂tψt = Hψt. This is what our model achieves by means of a suitably modified Dirac
evolution and an interior–boundary condition at the singularity.
5 Concrete Model
For our model, it will be convenient to consider spin-1
2
bosons (even though spin-1
2
particles are fermions in nature).
5.1 One-Particle Dirac Equation
There is a standard way [32, 43] of setting up the one-particle Dirac equation in a
curved space-time; in a space-time without singularities (more precisely, in a globally
hyperbolic space-time), the Dirac equation will by itself (i.e., without any boundary
conditions) define the time evolution, i.e., will determine ψ on all of M from initial data
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on a Cauchy surface. This standard setup (for a space-time with unique spin structure,
such as the super-critical Reissner-Nordstro¨m space-time [43, Sec. 1.5]) comprises the
construction of a bundle S = ∪x∈MSx of Dirac spin spaces that are 4-dimensional
complex vector spaces (of which ψ will be a section); of an indefinite sesquilinear form
on Sx written as φψ; of a section γ of CTM ⊗S⊗S∗ (where CTM is the complexified
tangent bundle, ⊗ the fiber-wise complex tensor product, and S∗ the bundle of dual
spaces of Sx) satisfying the Clifford relation
γµγν + γνγµ = 2gµνI (25)
with I the identity mapping of Sx; and of a connection ∇ on S determined by the metric
g on M . The one-particle Dirac equation on M then simply reads
i~γµ∇µψ = mψ . (26)
The one-particle Hilbert space H1 associated with the spacelike hypersurface Σ (we
consider only Σ = {t = t0} and can take t0 = 0 since the Reissner–Nordstro¨m space-
time is static) is equipped with the inner product
〈φ|ψ〉 =
∫
Σ
d3xφ(x) γµ(x)nµ(x)ψ(x) (27)
with d3x the volume associated with the 3-metric on Σ and nµ(x) the future unit nor-
mal vector to Σ at x. It is common to exclude wave functions of negative energy as
unphysical, but we will not exclude them in our model.
5.2 Probability Current in Space-Time
When we speak of probability density, or probability current density, it plays a role that
densities can be considered either relative to coordinate volume or relative to invariant
volume (proper volume), and this leads us to consider two current vector fields on M
(and afterwards on Q), which we denote respectively ˜µ and jµ. We elucidate this below
in more detail, beginning with the single-particle case. The reason we consider densities
relative to coordinate volume is that they often stay bounded at the singularity (if the
coordinates are suitably chosen), whereas the relevant densities relative to invariant
volume often diverge.
The current given by a one-particle wave function, jµ = ψγµψ, is the current relative
to invariant volume, which means the following. For every spacelike hypersurface Σ ⊆
M , let nµ(x,Σ) be the future-pointing unit normal vector on Σ at x ∈ Σ; let λΣ(d3x)
be the 3-volume measure associated with the Riemannian 3-metric on Σ inherited from
gµν . The Bohmian trajectory associated with ψ is a randomly chosen integral curve L
of jµ whose probability distribution P is such that, for every spacelike hypersurface Σ,
the trajectory’s unique intersection point with Σ has distribution jµ nµ λΣ, i.e.,
P
(
L ∩ Σ ⊆ A) = ∫
A
jµ(x) gµν(x)n
ν(x,Σ) λΣ(d
3x) , (28)
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where A is any subset of Σ, L ∩ Σ the (set containing only the) intersection point, and
P(L ∩ Σ ⊆ A) the probability of this point lying in A.
When computing densities relative to coordinate volume, we regard the coordinate
space, in our example R × [0,∞) × S2, as a Riemannian 4-manifold M˜ with (positive
definite) metric g˜µν , in our example
ds˜2 = dt2 + dr2 + dϑ2 + sin2 ϑ dϕ2 . (29)
(Note that this is a little different from what would usually be regarded as the coordinate
space, which is R× [0,∞)× [0, π)× [0, 2π) with metric dt2+dr2+dϑ2+dϕ2. The reason
we use a different space is to avoid dealing with the coordinate singularities of ϑ and ϕ.)
Every spacelike hypersurface Σ ⊆ M can also be regarded as a hypersurface in M˜ ;
let n˜µ(x,Σ) be the vector at x ∈ Σ that is normal in coordinates (i.e., in g˜µν) to Σ,
has unit length in coordinates, and points to the same side of Σ as nµ(x,Σ). Likewise,
let λ˜Σ(d
3x) be the 3-volume measure defined by the 3-metric inherited from g˜µν . As
we will show presently, there is a unique vector field ˜µ such that, for every spacelike
hypersurface Σ,
˜µ(x) g˜µν n˜
ν(x,Σ) λ˜Σ(d
3x) = jµ(x) gµν(x)n
ν(x,Σ) λΣ(d
3x) . (30)
Indeed,
˜µ(x) =
dε
dε˜
(x) jµ(x) , (31)
where ε(d4x) is the invariant 4-volume measure associated with gµν , ε˜(d
4x) the coordi-
nate 4-volume measure (associated with g˜µν), and dε/dε˜ the density of one relative to
the other (also known as the Radon–Nikodym derivative). Note that, as a consequence
of the proportionality, ˜µ and jµ have the same integral curves (up to an irrelevant
reparameterization).
To verify (30) and (31), we use differential forms (see, e.g., [38]). Let ε (in bold face)
be the invariant volume 4-form associated with gµν , and let j be the 3-form obtained
by inserting jµ into the first slot of ε. Then [56] the distribution (28) can be written as
P
(
L ∩ Σ ⊆ A) = ∫
A
j (32)
for every subset A of Σ. That is, the 3-form j encodes the probability current without
reference to any metric. Making the same step backwards with g˜µν , we obtain that
˜µ ε˜µνκλ = jνκλ = j
µ εµνκλ , (33)
which implies (30) and (31), as εµνκλ(x) =
dε
dε˜
(x) ε˜µνκλ(x).
One can compute the Radon–Nikodym derivative between the two measures by
dε
dε˜
=
√− det(gµν)√
det(g˜µν)
. (34)
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In our example case,
dε
dε˜
= r2 . (35)
(Note that taking R × (0,∞) × S2 as coordinate space differs by a factor of r2 from
taking R × (R3 \ {0}), which would have come with a further factor of r2 in front of
dϑ2 + sin2 ϑ dϕ2 in (29).) We set
γ˜µ(x) =
dε
dε˜
(x) γµ(x) , (36)
so that ˜µ = ψγ˜µψ.
If Σ is not spacelike, the distribution of the intersection point L∩Σ is still given by
P
(
L ∩ Σ ⊆ A) = ∫
A
˜µ(x) g˜µν(x) n˜
ν(x,Σ) λ˜Σ(d
3x) (37)
for any A ⊆ Σ, provided that L intersects Σ at most once, and that n˜ν always points
to the same side of Σ as ˜µ. In particular, if Σ = S is the singularity, then we obtain
that the probability distribution of the random point where L hits the singularity has
density (in coordinates) equal to (the absolute value of) ˜r, the radial component of ˜µ,
except where ˜r > 0 so that there is a current away from the singularity.
Since we only need that ˜µ remains bounded at the singularity, we can allow jµ to
diverge like r−2. This means, since jµ = ψγµψ, that the components of ψ (relative
to chosen coordinates and bases in Sx) can diverge like r
−1 while γµ stays bounded,
or those of γµ can diverge like r−2 while ψ stays bounded (or other possibilities). We
will choose the second option, so that relevant wave functions ψ remain bounded at the
singularity. This is connected to the definition of the spin spaces at the singularity.
5.3 Spin Spaces at the Singularity
The spin spaces Sx are standardly defined at interior points x ∈ M ◦ = M \ S , and
we also need to define them at points x ∈ S in order to be able to talk of ψ(x) and
˜µ(x) for x ∈ S . As a preparation, let us look at how the tangent spaces TxM are
defined for x ∈ S . (We note that, according to standard definitions of the tangent
space, TxM is a vector space—not a half-space.) Using coordinates, we can simply say,
for x = (t, r = 0, ω), that
TxM = R× R× TωS2 , (38)
where the first factor R is understood as the tangent space to the manifold R at t, and
the second as the tangent space to the manifold-with-boundary [0,∞) at 0.
As a part of this specification of tangent spaces, we intend a certain topology (and
differentiable structure) on the bundle TM = ∪x∈MTxM : for example, if we set x =
(t, r, ω), y = (t, 0, ω), keep t and ω ∈ S2 fixed and let r → 0 so that x→ y, then the unit
normal to the level surface Σt of the t function, n
µ(x), converges to 0, as its coordinate
components are (λ(r)−1/2, 0, 0), while the unit normal relative to g˜µν , n˜µ(x), converges to
n˜µ(y). Relatedly, another way of defining the tangent spaces on the singularity consists
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in specifying a tetrad field in M ◦ (i.e., a basis for every tangent space) that possesses
a smooth extension to ∂M . In our example, we can take as the tetrads in M ◦ simply
the coordinate bases (or, orthonormal bases relative to g˜µν). Let me emphasize that the
bundle TM over the space-time with boundary is not determined by the bundle TM ◦
over the interior of space-time; there are inequivalent possibilities for the extension of
the bundle to S = ∂M , and we have chosen one by demanding that our coordinate
basis field in TM forms a smooth extension of our coordinate basis field in TM ◦.
In the same way, we define the spin space Sx for x ∈ ∂M by specifying a ba-
sis b˜x of Sx for every x ∈ M ◦ and postulating that the field b˜x possesses a smooth
extension to ∂M . To this end, fix any x ∈ M ◦ and begin with the coordinate ba-
sis e˜x of TxM , e˜x = (∂t, ∂r, ∂ϑ, ∂ϕ). By normalizing these four vectors, we trans-
form them into an orthonormal basis (i.e., Lorentz frame, also known as Minkowski
tetrad) ex = (λ
−1/2∂t, λ1/2∂r, r−1∂ϑ, (r sinϑ)−1∂ϕ). To this orthonormal basis there cor-
responds a basis4 bx of Sx; the correspondence is canonical up to an overall sign which
we choose continuously in x; bx is an orthonormal basis relative to the scalar prod-
uct φ γµ(x) gµν(x)n
ν(x)ψ in Sx (note that n(x) = λ
−1/2∂t). This basis we rescale by
λ(r)−1/4 (dε/dε˜)−1/2 to obtain b˜x. This completes the definition of b˜x.
In other words, if we define the sesquilinear mappings α, α˜ : Sx × Sx → CTxM by
α(φ, ψ) = φγµψ , α˜(φ, ψ) = φγ˜µψ , (39)
then the coefficients αµss′ of α relative to bx and ex are the usual three Dirac α matrices,
in the following denoted
α
0
i =
(
0 σi
σi 0
)
, together with α
0
0 = I (40)
(where σ1, σ2, σ3 are the Pauli matrices and I is the identity matrix), while the coeffi-
cients of α˜ relative to b˜x and e˜x are as follows:
(α˜t, α˜r, α˜ϑ, α˜ϕ) =
(1
λ
I, α
0
1,
1
λ1/2r
α
0
2,
1
λ1/2r sinϑ
α
0
3
)
. (41)
This equation could also be taken as the definition of b˜x. We define the differentiable
bundle structure of the spin bundle S over M so that b˜x depends smoothly on x ∈ M ,
also on the boundary ∂M .
It follows that the coordinate formula for the probability current is given by
˜µ = ψ∗α˜µψ (42)
where the components of ψ are taken relative to the basis b˜x, and the α˜
µ matrices are
given by the right hand side of (41). We note for later use that these matrices possess
the following limits
as r → 0: (α˜t, α˜r, α˜ϑ, α˜ϕ)→
(
0, α
0
1,
1
e
α
0
2,
1
e sinϑ
α
0
3
)
, (43)
4The same can be done in two-spinor calculus, where this basis is called a “spin frame” [43].
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with e the charge parameter in (8).
In the following, we will express wave functions relative to the basis b˜x of spin space.
If we considered only a single particle without particle creation and annihilation, the
Schro¨dinger equation would read
i~ ∂tψ(x) = −i~
3∑
i=1
α˜t(x)−1α˜i(x) ∂iψ(x) + V (x)ψ(x) (44)
= −i~
3∑
i=1
λ(x)α
0
i ∂iψ(x) + V (x)ψ(x) (45)
in coordinates x = (t, r, ϑ, ϕ) = (x0, x1, x2, x3) with the matrices α˜µ given by (41). Here,
the potential V assumes values in the Hermitian matrices on C4 and includes the mass
term βm, all connection coefficients that arise from covariant derivatives, and (if desired)
an external electromagnetic field. The probability density in coordinates is then
ρψt(r, ϑ, ϕ) = ˜
t(x) = ψ†(x) α˜t(x)ψ(x) =
1
λ(x)
4∑
s=1
|ψs(x)|2 . (46)
5.4 Probability Current in Configuration Space
The wave function ψ is a function on ∪∞n=0 ∪Σ∈F Σn, and its value at (x1, . . . , xn) lies in
Sx1 ⊗ · · · ⊗ Sxn. In coordinates, we describe Σ ∈ F as Σ = [0,∞)× S2, so ψ becomes
a time-dependent function on ∪∞n=0Σn, and its value at (t, q) = (t,x1, . . . ,xn) lies in
(C4)⊗n. The probability density in configuration space Σn relative to coordinate volume
(i.e., the n-particle analog of ˜t) is
ρψ(q) = ψ(q)
†ψ(q)
n∏
j=1
1
λ(xj)
. (47)
The current vector field J in configuration space Σn (relative to coordinate volume) has
component Jki corresponding to xik, the i-the coordinate of particle k, given by
Jkiψ (q) = ψ(q)
† α˜ik(xk)ψ(q)
∏
j 6=k
1
λ(xj)
. (48)
The Bohmian motion is therefore given by (2), and the jump rate density by (22) with
J⊥ = Jn,1 (49)
for xn = (0, ω) ∈ S ∩ Σ.
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5.5 Interior–Boundary Condition and Hamiltonian
We impose on the wave function a condition at the singularity which we call an interior–
boundary condition. Like usual boundary conditions, it is a condition on the values of
the wave function at the boundary; unlike usual boundary conditions, it relates values
on the boundary to values at interior points in other sectors of configuration space; see
[53, 54, 29, 59] for recent discussions of interior–boundary conditions, and [47, 35] for
such conditions for the Dirac equation.
Let z be a point on S ∩Σ and x1, . . . , xn−1 ∈ Σ \S . Some common boundary con-
ditions are not appropriate for our purpose: First, for scalar wave functions, a Dirichlet
boundary condition [48]
ψ(x1, . . . , xn−1, z) = 0 (50)
is a common boundary condition; it leads to the (for our purposes uninteresting) be-
havior that no particle ever reaches the singularity. Second, for Dirac wave functions,
common boundary conditions specify half of the components of ψ on the boundary,
leaving the other half unspecified (e.g., [20]). The analog of the Dirichlet condition then
sets half of the components to zero, which again leads to zero current into the boundary.
In contrast, the condition that we want should allow that there can be a probability
current into the singularity but make sure that that current into the boundary of Q̂n
corresponds to the gain in probability in Q̂n−1.
To this end, we identify the singularity S ∩ Σ with S2 and choose a spinor field
N : S2 → C4 with the property
N †(ω)α
0
1N(ω) = 0 (51)
for all ω ∈ S2. In coordinates, we may think of Σ simply as [0,∞)× S2, and of ψ(n) as
a function Σn → (C4)⊗n; we write q = (x1, . . . ,xn) for an n-particle configuration and
Ak for the 4× 4 matrix A acting on the k-th spin index.
The interior–boundary condition (IBC) reads
(γ
0
1
n+1 − iIn+1)ψ(n+1)
(
q, ω
)
= − i
~
√
n+ 1
ψ(n)(q)⊗ (γ
0
1 − iI)α
0
1N(ω) (52)
for every n = 0, 1, 2, . . ., q ∈ Σn, and ω ∈ S2. Here, γ1 with a 0 underneath means the
standard γ1 matrix, as opposed to the matrix representation relative to some chosen
basis of the section γ of CTM ⊗S⊗S∗. See [47] for a discussion of how to set up IBCs;
condition (52) is the analog of the IBC (8) in [47].
The Hamiltonian acts according to the right-hand side of the Schro¨dinger equation
i~
∂ψ(n)(q)
∂t
=
n∑
k=1
(
−i~
3∑
i=1
α˜tk(xk)
−1α˜ik(xk) ∂kiψ
(n)(q) + Vk(xk)ψ
(n)(q)
)
+
√
n + 1
∫
S2
d2ωNn+1(ω)
† ψ(n+1)
(
q, ω
)
(53)
at every interior point q. Here,
∫
S2
d2ω means the same as
∫ pi
0
dϑ sin2 ϑ
∫ 2pi
0
dϕ, and the
notation Nn+1 indicates that N gets contracted with the last spin index of ψ.
17
5.6 Conservation of Probability
We carry out a calculation to check the unitarity of the time evolution and the equiv-
ariance of the Bohmian process Qt.
We write H0ψ for the first term on the right-hand side of (53) and HIψ for the
second. The Schro¨dinger equation (53) entails the continuity equation
∂ρψt
∂t
(q) = −
n∑
k=1
3∑
i=1
∂kiJ
ki + 2
~
Imψ(n)(q)†α˜t1(x1) · · · α˜tn(xn) (HIψ)(n)(q) (54)
at q = (x1, . . . ,xn) ∈ Q◦n. In the absence of HI in (53) (i.e., in the case N = 0), different
sectors ψ(n) in Fock space decouple, leaving the free Dirac equation for n particles, which
is known to imply conservation of probability. So the first term in (54) represents the
transport of probability within the sector Qn, whereas the second term, which will be
abbreviated as
∂ρψt
∂t
∣∣∣
HI
(55)
in the following, is the contribution from HIψ and couples ψ
(n) to ψ(n+1). It represents
a gain (or loss, if negative) of probability at q. On the other hand, there is a loss of
probability in Qn+1 due to flux into the boundary of configuration space, and we will
now show that this gain and loss compensate each other, leading to overall conservation
of probability.
At {q ∪ ω : ω ∈ S2}, the probability current into the boundary is
−
∫
S2
d2ω J⊥(q ∪ ω)
= −(n + 1)
∫
S2
d2ω ψ(n+1)(q, ω)† α˜rn+1(ω)ψ
(n+1)(q, ω)
n∏
j=1
1
λ(xj)
= (n+ 1)
( n∏
j=1
1
λ(xj)
)∫
S2
d2ω
[
−ψ(n+1)(q, ω)† α
0
1
n+1 ψ
(n+1)(q, ω)
]
. (56)
On the other hand, the gain term can be expressed as
∂ρψt
∂t
∣∣∣
HI
(q)
= 2
~
Imψ(n)(q)†α˜t1(x1) · · · α˜tn(xn)
√
n+ 1
∫
S2
d2ωNn+1(ω)
† ψ(n+1)
(
q, ω
)
(57)
= (n+ 1)
( n∏
j=1
1
λ(xj)
)∫
S2
d2ω 2
~
√
n+1
Imψ(n)(q)†Nn+1(ω)
† ψ(n+1)
(
q, ω
)
. (58)
It suffices to show that the integrands in (56) and (58) are equal. It was verified in [47,
Sec. 2.2] that for any spinor N ∈ C4 with the property
N † α
0
1N = 0 , (59)
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any complex number φ ∈ C, and any spinor χ ∈ C4 with the property
(γ
0
1 − iI)χ = − i
~
√
n+1
(γ
0
1 − iI)α
0
1Nφ , (60)
it follows that
2
~
√
n+1
Im
[
φ∗N †χ
]
= −χ† α
0
1 χ . (61)
Setting, for fixed values of the spin indices s1, . . . , sn and fixed q ∈ Σn, φ = ψ(n)s1...sn(q)
and χsn+1 = ψ
(n+1)
s1...sn+1(q, ω), and then summing over s1, . . . , sn, we obtain that the inte-
grands in (56) and (58) are equal. On the non-rigorous level, this corresponds to the
conservation of probability and thus to a time evolution on Fock space that is unitary.
These considerations also yield the equivariance of ρψ for the Bohmian process Qt:
As pointed out already after (24), we need to show that (24) and (54) have the same
form, i.e., that if p = ρψt at any one time t, then also ∂tp = ∂tρψt . Indeed, p = ρψt
implies, by (22) and (23), that
∂p
∂t
(q, t) = −
3n∑
i=1
∂iJ
i(q, t)−
∫
S2
d2ω J⊥(q ∪ ω)+ +
∫
S2
d2ω J⊥(q, t)− (62)
= −
3n∑
i=1
∂iJ
i(q, t)−
∫
S2
d2ω J⊥(q ∪ ω) (63)
= −
3n∑
i=1
∂iJ
i(q, t) +
∂ρψt
∂t
∣∣∣
HI
(q) =
∂ρψt
∂t
(q) , (64)
as claimed.
6 Comparison to Bell-Type Quantum Field Theo-
ries
Two ways of extending Bohmian mechanics to quantum field theory are known: either by
postulating that a field configuration (rather than a particle configuration) is guided by
a wave function (understood as a functional on the field configuration space) [5, 7, 49], or
by introducing particle creation and annihilation into Bohmian mechanics [2, 17, 18, 22]
(but see also [9] for a third proposal). The second approach is called “Bell-type quantum
field theory,” as the first model of this kind (on a lattice) was proposed by Bell [2].
In these theories, the motion of the configuration along deterministic trajectories is
interrupted by stochastic jumps, usually corresponding to the creation or annihilation
of particles. The jumps are governed by the following law prescribing the jump rate
σψ (probability per time) in terms of the wave function ψ, which is usually from Fock
space:
σψ(q′ → q) = 2
~
[Im 〈ψ|q〉〈q|HI|q′〉〈q′|ψ〉]+
〈ψ|q′〉〈q′|ψ〉 , (65)
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where HI is the interaction Hamiltonian. The configuration Qt thus follows a Markov
process in the configuration space Q of a variable number of particles, as defined in (16)
above; see [18] for a detailed discussion of this process.
We expect that further analysis will show that our model for stochastic particle
creation at a timelike singularity fits into the scheme of Bell-type quantum field theories
when understood in the appropriate way. In other words, we expect that the jump rate
(22) can be regarded as a limiting or generalized case of (65).
7 Requirements on the Time Foliation
In the presence of timelike space-time singularities, difficulties arise about the choice of
the time foliation that had not been encountered previously. While the foliation we used
on the Reissner–Nordstro¨m space-time, given by the t coordinate, worked well for our
purposes, other foliations are problematical. Here is an example: Start with the {t = 0}
hypersurface and propagate it according to (6) or dn = 0, i.e., push every point of the
hypersurface to the future at the same rate (so that the infinitesimal slice between two
nearby hypersurfaces has constant proper thickness). The hypersurfaces we thus obtain
are the level surfaces of the function T that yields, for a space-time point x, the timelike
distance of x from the hypersurface {t = 0}, i.e., the supremum of the lengths of the
causal curves connecting x to {t = 0}.5 At first sight, this might seem like a reasonable
foliation, but in fact it does not cover all of M (or M ◦), it only covers the shaded region
in the right diagram of Figure 2 (in contrast to the foliation defined by t, which covers
all of M as visible in the left diagram of Figure 2). That is because the T function is
infinite in a large region of space-time, viz., outside the shaded region, which is the set
of all points spacelike separated from (t = 0, r = 0). Let me explain.
I begin by describing the outgoing radial null geodesics of the Reissner–Nordstro¨m
geometry: They are the integral curves of the vector field uµ = λ(r)−1/2∂t + λ(r)1/2∂r,
as this vector is null (easy to check), radial (uϑ = 0 = uϕ), future-pointing (ut > 0), and
outward-pointing (ur > 0). Thus, the outgoing radial null geodesics are explicitly given
by
t(r) = t0 +
∫ r
0
dr′
λ(r′)
(66)
with constant ϑ and ϕ. For small r, t(r)− t0 ≈ r3/3e2. Correspondingly, the incoming
radial null geodesics are given by
t(r) = t0 −
∫ r
0
dr′
λ(r′)
. (67)
5To see this, note that the proper thickness of the infinitesimal slice between two nearby spacelike
level surfaces of a function f , {f(x) = u} and {f(x) = u + du}, is proportional to the proper length
of the gradient of f , namely equal to (∇µf∇µf)1/2du, because ∇µf is orthogonal to the surface. The
gradient of the T function, where T is differentiable, always has proper length 1 as a consequence of
the definition of T .
20
i0
I +
I −
i0
I +
I −
Figure 2: LEFT: The foliation given by the t coordinate function, shown in the Penrose
diagram. RIGHT: The shaded region (comprising the points at spacelike separation
from (t = 0, r = 0)) is where the T function (timelike distance from the surface {t = 0})
is finite, so that the level surfaces of T foliate only the shaded region.
Note that at every t0 ∈ R and in every direction (ϑ, ϕ), one incoming radial null geodesic
ends at (t0, r = 0, ϑ, ϕ) and one outgoing radial null geodesic begins.
Consider the curve (66) for any t0 > 0 and call it C. Any point x on C must have
T = ∞: If it had a finite T value, then choose r1 so small that
√
λ(r1) > T (x)/t0 and
r1 < r(x); that is possible because λ(r)→∞ as r → 0. Let x1 = (t(r1), r1, ϑ(x), ϕ(x)),
which lies on C, too. Then the parallel to the t axis (in coordinate space) through x1 is
a timelike curve connecting x1 to the hypersurface {t = 0}, and the proper time along
this curve between x1 and {t = 0} is
√
λ(r1) t(r1) >
√
λ(r1)t0 > T (x). Since T (x1) is
the supremum of such curve lengths, we have that T (x1) > T (x), so that x must lie in
the past of the spacelike hypersurface {T = T (x1)}, in contradiction to the fact that x
lies on the future light cone of x1.
Since t0 > 0 was arbitrary, it follows that any point inside the future light cone of
(t = 0, r = 0) (i.e., in the future of the hypersurface defined by (66) for t0 = 0 and
arbitrary ϑ, ϕ) must have T =∞. Likewise for the past light cone. And thus, T foliates
only the part of M ◦ outside the light cone of (t = 0, r = 0). Moreover, the leaves of
T cannot be extended to the singularity in such a way that their extensions remain
mutually disjoint, as any {T = const.} hypersurface has {(t = 0, r = 0)} × S2 as its
boundary on the singularity. One could say that the leaves intersect on the singularity.
In contrast, the t function provides a foliation of all of M , including the singular
boundary. That is a property we need of the time foliation.
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